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Abstract
We investigate an ability of the exponential power-law inflation to be phenomenologically
correct model of the early universe. GR scalar cosmology equations we study in Ivanov-
Salopek-Bond (or Hamilton-Jacobi like) representation where the Hubble parameter H is the
function of a scalar field φ. Such approach admits calculation of the potential for given H(φ)
and consequently reconstruction of f(R) gravity in parametric form. By this manner the
Starobinsky potential and non-minimal Higgs potential (and consequently the corresponding
f(R) gravity) were reconstructed using constraints on model’s parameters. Also comparison
to observation (PLANCK 2018) data shows that both models give correct values for scalar
spectral index and tensor-to-scalar ratio under wide range of exponential-power-law model’s
parameters.
Keywords: inflation
1 Introduction
The inflationary paradigm implying the accelerated expansion of the early universe is of-
ten considered as a successful explanation for the origin of it’s structure. The first models of
cosmological inflation were built on the basis of General Relativity (GR) in 4D Friedmann-
Robertson-Walker (FRW) space-time under the assumption of the existence of some scalar field
(inflaton) which is the source of the accelerated expansion of the universe [1–5].
Since the potential of a scalar field V (φ) has a key role in the construction of inflation
scenarios, the models of the early universe are often determined by the chosen potential. Such
a method can be called as the “potential motivated approach”. In this case, inflationary models
are classified by the scalar field potential.
On the other hand, the dynamics of the expansion which is characterized by a scale factor
a(t) no less important for understanding of the inflationary scenarios and one can reconstruct the
potential V (φ) from the chosen scale factor (see, for example, [6]). In the context of this method,
which we will call the “dynamical motivated approach”, inflationary models are classified by the
laws of the expansion of the universe.
A convenient tool for the analysis of the inflationary model is the slow-roll approxima-
tion [4, 5, 7] and a lot of models are considered on the basis of this approach. Nevertheless,
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for a more correct understanding of the nature of processes at the stage of inflation, the exact
solutions of cosmological dynamic equations were considered as well (see, for example, [8, 9]).
The classification of the methods for generating them (and the exact solutions themselves) for
inflation based on the Einstein gravity can be found in the monograph [10].
The inflationary models containing a combination of Friedmann solutions and (quasi) de
Sitter solutions constitute the basis of an actual description of the evolution of the early universe.
In the context of the inflationary paradigm, the early universe expands rapidly for some time
and then goes into a power-law expansion regime without acceleration corresponding to the
Friedmann solutions for radiation and barionic matter.
In this paper we consider the exponential power-law inflation which implies such a com-
bination of the dynamical regimes on the basis of the exact solutions and ones obtained in
slow-roll approximation and show that widely discussed Starobinsky [1,11–15] and non-minimal
Higgs [16–18] inflationary models which imply the same potential of the scalar field can be con-
sidered as the partial cases of the exponential power-law inflation in the context of the dynamical
motivated approach.
The article is organising as follow. Sec.2 contains exact and slow-roll GR cosmology equations
in FRW spacetime. Also the relations a scalar field gravity to f(R) gravity are reproduced from
the work [15]. Sec. 3 is devoted to analysis of the slow-roll solutions for exponential power-
law (EPL) inflation. Three parametric slow-roll approximated solution was found and it was
shown which restrictions on parameters lead to Starobinsky potential (which, in turn, leads to
Starobinsky R + R2 gravity model). Analysis of exact EPL inflation is performed in Sec. 4.
There were shown the derivation of de Sitter solution, Starobinsky gravity using special choice
of EPL model parameters. The relation between exact and slow-roll solutions is discussed as
well. In Sec. 5 it was considered correspondence EPL inflation to observation data. It was
shown that one of the parameters can always be chosen so that observational constraints are
satisfied. In Sec. 6 we list the main results of investigation.
2 The exact and approximate solutions in cosmology and con-
formal connection with f(R)-gravity
The inflationary models based on Einstein gravity and a single scalar field defined by the
action
S =
∫
d4x
√−g
[
1
2
R− 1
2
gµν∂µφ∂νφ− V (φ)
]
, (1)
where φ is a scalar field, V (φ) is the potential of a scalar field and gµν is a metric tensor of a
space-time. We set Einstein gravitational constant κ = 8piG = 1.
The variation of the action (1) with respect to the metric and field in a spatially flat
Friedmann-Robertson-Walker space
ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2) , (2)
gives three dynamic equations
3H2 =
1
2
φ˙2 + V (φ) ≡ ρφ, (3)
−3H2 − 2H˙ = 1
2
φ˙2 − V (φ) ≡ pφ, (4)
φ¨+ 3Hφ˙+ V ′φ = 0, (5)
2
where ρφ and pφ are the energy density and the pressure of a scalar field, also, V
′
φ = dV/dφ.
The methods of the exact solutions construction for these system of equations one can find,
for example, in [8, 9]. One of them is the method proposed by Ivanov [21] and subsequently
Salopek and Bond [22].
From the equations (3)–(5) only two are independent, and this system can be represented
as the Ivanov-Salopek-Bond equations (or as Hamilton-Jacobi type equations)
V (φ) = 3H2 − 2H ′2φ , (6)
φ˙ = −2H ′φ, (7)
in which the exact solutions are obtained by the choice of the Hubble parameter H(φ).
In the case of the slow-roll approximation which implies that V (φ)  12 φ˙2 and φ¨ ≈ 0 the
system (3)–(5) is reduced to the equations
V (φ) ≈ 3H2, (8)
φ˙ ≈ −2H ′φ. (9)
Therefore, the difference between the exact and approximate background cosmological solu-
tions is the second term in the potential (6).
To make comparison of the scalar field gravity (1) with f(R)-gravity with the action
S =
∫
d4x
√−g [f(R)] , (10)
we will use the following relations [15]
R =
[√
6
dV
dφ
+ 4V
]
exp
(√
2
3
φ
)
, (11)
f =
[√
6
dV
dφ
+ 2V
]
exp
(
2
√
2
3
φ
)
, (12)
which connect f(R)-gravity and models based on Einstein gravity in parametric form. Thus,
one can use the relation (11)-(12) to put in accordance cosmological models based on Einstein
gravity and f(R)-gravity on the basis of the exact (6) and approximate (8) expressions for the
potential of a scalar field.
3 The slow-roll solutions for exponential power-law inflation
We represent the exponential power-law (EPL) expansion of universe, with following parametri-
sation of the Hubble function
H(φ) = −µ1 exp(−µ2φ) + µ3, (13)
where µ1, µ2 and µ3 are an arbitrary constants.
The solutions of the equations (8)–(9) in slow-roll approximation are:
VSR(φ) = 3µ
2
1 exp(−2µ2φ)− 6µ1µ3 exp(−µ2φ) + 3µ23, (14)
φ(t) =
1
µ2
ln
(−2µ1µ22t− c) , (15)
H(t) =
µ1
2µ1µ22t+ c
+ µ3, (16)
a(t) = a0 exp(µ3t)(2µ1µ
2
2t+ c)
1/2µ22 , (17)
3
where c is the constant of integration.
For the case 2µ1µ
2
2t + c > 0, the scalar field (15) can be considered as a complex one with
the variable real part and constant imaginary part [19]
φ(t) =
1
µ2
ln
(
2µ1µ
2
2t+ c
)
+
ipi
µ2
, (18)
and for 2µ1µ
2
2t+ c < 0 the scalar field (15) is real
φ(t) =
1
µ2
ln
(
2µ1µ
2
2t+ c
)
. (19)
Also, we note, that the scalar field (15) has the positive kinetic energy
X =
1
2
φ˙2 =
2µ21µ
2
2(−2µ1µ22t− c)2 ≥ 0, (20)
therefore, for both these cases the lagrangian of this field has the canonical form L = X − V .
Looking for connection of the potential (14) with Starobinsky potential [1] we set µ2 =
√
2/3.
Then, from the equations (11)–(12) we derive
f(R) =
µ1
µ3
R+
1
24µ23
R2. (21)
Further, choosing the model’s parameters
µ1 = µ3 = ±1
2
m, (22)
from (14) we get the potential
VSR(φ) =
3
4
m2
(
1− e−
√
2
3
φ
)2
, (23)
which exactly corresponds to the Starobinsky potential [1, 11, 12, 15] and non-minimal Higgs
potential [16,17] as well. The parameter m = 1.13× 10−5 [20] can be considered as the mass of
the scalar field. Also, we note, that this potential leads to the Starobinsky gravity [15]
f(R) = R+
1
6m2
R2, (24)
which generalized the Einstein gravity by the second quadratic term in curvature. Starobinsky
gravity model as a special case of f(R) gravity was considered in astrophysics and cosmology
(see, for example, [24], [25], and literature cited therein). Also the relation of Starobinsky model
to modified gravity and supergravity is discussed in [26] [27], [28], [29], [30].
Substituting the parameters (22) with upper sign into the solutions (15)–(17) we obtain
φ(t)inf =
√
3
2
ln
(
−2
3
mt− c
)
, (25)
H(t)inf =
m
4
3mt+ 2c
+
1
2
m, (26)
a(t)inf = a0 exp
(
1
2
mt
)
(2mt+ 3c)3/4. (27)
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For the case of lower sign we obtain the solutions
φ(t)def =
√
3
2
ln
(
2
3
mt− c
)
, (28)
H(t)def =
m
4
3mt− 2c
− 1
2
m, (29)
a(t)def = a0 exp
(
−1
2
mt
)
(2mt− 3c)3/4, (30)
corresponding to deflationary scenario [23].
After the following redefinition of time t → −t, the scale factor (30) for negative constant
c < 0 is transformed to
a(t) = a0 exp
(
1
2
mt
)
(−2mt+ 3c)3/4, (31)
which corresponds to the collapse of the universe at the time t∗ = 3c/2m.
Therefore, despite the fact that the potential (23) implies two possible solutions, the infla-
tionary solutions (25)–(27) only have a phenomenological correspondence with the evolution of
the early universe.
3.1 The dynamics of the universe’s expansion
Requesting positive sign for eµ2φ (or, equivalently, positive value for logarithm’s argument
of (15) we have the restriction on time
t < tend, tend = c/(2µ1µ
2
2) (32)
when cµ1 < 0. It means that till that time early inflation should get finish.
Further restriction we obtain from universe expansion, i.e. H > 0.
From equation (16) we can find that H will be positive always if
µ3 > 0, µ1 < 0, c > 0 (33)
If µ3 < 0 the first term in rhs of (16) should be positive and excess |µ3|. This leads to
restriction on time
t < |µ1/|µ3| − c
2µ1µ22
| (34)
which is valid for c > 0, µ1 < 0 or c < 0, µ1 > 0. So the universe will be under expansion till
the time (34) which should be less then validate of the solution, the time tend (32). Therefore
the inequality
|µ3| < µ1/(2c) (35)
should be true.
Let us study the period of acceleration for the model under consideration under the condition
(32). Direct calculation of relative acceleration
Q ≡ a¨/a = H2 + H˙
gives
Q =
a¨
a
= µ21e
−2µ1φ(1− 2µ32)− 2µ1µ3e−µ2φ + µ3 (36)
Generally speaking the case when (1 − 2µ32) > 0 gives two accelerating periods in terms
of e−µ2φ when µ3 < 0 and when 0 < µ3 < 1/
√
2. If (1 − 2µ32) < 0 then there are exist
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one accelerating period in the cases: i) µ3 > 1/
√
2 solution oscillate between two roots; ii)
0 < µ3 < 1/
√
2 solution oscillate between zero and the bigger root; iii) the same behaviour when
µ3 < −1/
√
2.
Also, we note that a numerical analysis of the stages of expansion of the universe for the
Hubble parameter (16) was performed in [31].
We also give an asymptotic analysis of the dynamics of expansion of the universe for the
case of positive values of the constant parameters µ1, µ3 and c.
At the small times that correspond to inflationary stage t ≈ 0 one has the exponential
expansion with following Hubble parameter and scale factor
Hinf ' µ1
c
+ µ3, ainf (t) ∝ exp
[(µ1
c
+ µ3
)
t
]
. (37)
On the following stage, under the condition
µ1
2µ1µ22t+ c
 µ3, (38)
one has the power-law expansion with the Hubble parameter and scale factor
HPL(t) ' µ1
2µ1µ22t+ c
, aPL(t) ∝ (2µ1µ22t+ c)1/2µ
2
2 . (39)
At the large times t → ∞ we have the second accelerated exponential expansion of the
universe with
Hsec ' µ3, asec(t) ∝ exp (µ3t) . (40)
We also note that the rate of expansion of the universe during the second inflation is much
lower than in the case of the first inflation Hsec  Hinf , i.e. one has the condition µ1c  µ3.
Therefore, the models under consideration implies the exit from the first inflationary ac-
celerated expansion stage (for µ2 = ±1 we have the dynamics corresponding to the radiation
domination stage) and the second accelerated expansion of the universe as well. Thus, this
dynamics can be considered as the combination of de Sitter and Friedmann solutions and cor-
responds to the correct change in the stages of the universe’s expansion.
4 The exact solutions for exponential power-law inflation
In this section we study the exact solutions of the equations (6)–(7) for the Hubble parameter
(13). These solutions can be noted as
V (φ) = µ21(3− 2µ22) exp(−2µ2φ)− 6µ1µ3 exp(−µ2φ) + 3µ23, (41)
φ(t) =
1
µ2
ln
(−2µ1µ22t− c) , (42)
H(t) =
µ1
2µ1µ22t+ c
+ µ3, (43)
a(t) = a0 exp(µ3t)(2µ1µ
2
2t+ c)
1/2µ22 , (44)
As one can see, the evolution of the scalar field and expansion of the universe are the same
as for the case of slow-roll approximation.
For the potential (14) with µ2 =
√
2/3 from the equations (11)–(12) we obtain
f(R) =
µ1
µ3
R+
1
24µ23
R2 +
8
3
µ21, (45)
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If we additionally chose µ1 = 0 we get de Sitter solution
V (φ) = 3µ23, φ(t) =
√
3
2
ln(−c), H(t) = µ3, a(t) = a0 exp(µ3t), (46)
which correspond to quadratic term only
fdS(R) =
1
24µ23
R2. (47)
Therefore, the quadratic correction in curvature R2 determines the accelerated expansion of
the universe in the Starobinsky inflationary model what is correct in the case of the slow-roll
approximation analysis as well.
For the case µ1 = µ3 =
1
2m, from (45) and (41) we have the Starobinsky gravity with the
additional cosmological constant
f(R) = R+
1
6m2
R2 +
2
3
m2, (48)
and the following potential in Einstein frame
V (φ) =
27
20
m2
(
1− 5
9
e
−
√
2
3
φ
)2
− 3
5
m2, (49)
with the same corresponding expressions for evolution of the scalar field and universe expansion
(25)–(27).
Supplementing the model with the positive cosmological constant V˜ (φ)→ V (φ) + Λ associ-
ated with the nonzero vacuum energy, where Λ = 13m
2, we obtain V˜ (φ = 0) = V (φ = 0)+Λ = 0,
i.e., the true vacuum state for zero scalar field.
Also, we note, that the potential in the case of the exact solutions can be expressed as
V (φ) = VSR(φ)− 2H ′2φ , (50)
and for the case of slow-roll approximation H ′2φ ≈ 0 one has V (φ) = VSR(φ).
Thus, the Starobinsky inflation can be considered as the partial case of exponential power-
law inflation with the specific choice of the parameters µ1, µ2, µ3. For the constant parameter
µ2 6=
√
2/3 one hasn’t the explicit expression for the type of f(R)-gravity from the equations
(11)–(12). However, one can consider exponential power-law inflation in Einstein frame which
is connected with f(R)-gravity expressed in parametric form.
5 The correspondence to the observational constraints
One of the main methods of verification of cosmological models is the comparison of the
obtained parameters of cosmological perturbations with observational constraints which are
based on measurements of CMB anisotropy.
These constraints from the PLANCK observations at the moment estimated as [32]
PS = 2.1× 10−9, nS = 0.9663± 0.0041, (51)
r < 0.1 (PLANCK 2018), r < 0.065 (PLANCK 2018/BICEP2/Keck-Array). (52)
The parameters of the cosmological perturbations for Starobinsky and non-minimal Higgs in-
flation were calculated, for example, in the paper [20]. The spectral index of scalar perturbations
nS and tensor-to-scalar ratio r for this type of inflation are nS = 0.967 and r = 0.003.
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For the exponential power-law inflation with arbitrary constants µ1, µ2 , µ3 and c these
parameters were calculated in the paper [34] on the basis of the exact solutions of background
dynamic equations. The resulting relation between spectral index of scalar perturbations and
tensor-to-scalar ratio was determined as
r =
4s
nS − 3
nS − 1 + µ2
(√
2µ2 −
√
2µ22 + 4n
2
S − 16nS + 12
)
√
2(nS − 3)
 , (53)
where the constant parameter s characterizes the normalization of the amplitude of the tensor
perturbations. We will consider the value of this parameter as s = 1. The value of the power
spectrum of the scalar perturbations on the crossing of the Hubble radius PS = A2S = 2.1×10−9
can be always obtained by the choice of the constants µ1, µ3 and c for any µ2 [34].
Figure 1: The dependence r = r(nS) for different values of the constant µ2 = 1/2,
√
2/3, 2.
For the case of the Harrison-Zeldovich spectrum (nS = 1) the expression (53) gives r = 0,
i.e. the absence of relic gravitational waves (tensor perturbations) for any value of µ2. Also, for
µ2 →∞ one has r = 0 for any value of nS as well.
For Starobinsky and non-minimal Higgs inflation with µ2 =
√
2/3 and nS = 0.967 from the
relation (53) one has r = 0.003 which corresponds to the result obtained in [20]. Also, one can
calculate the parameters of cosmological perturbations for the others values of the constant µ2.
On Fig.1 the dependences of the tensor-to-scalar ratio r on the spectral index of scalar
perturbations nS for various values of the parameter µ2 which corresponds to the observational
constraints are shown.
As one can see, exponential power-law inflation allows to satisfy any restrictions on the value
of the tensor-to-scalar ratio by choosing the parameter µ2.
6 Conclusion
We consider the exponential power-law inflation on the basis of the exact and approximate
cosmological solutions. The law of evolution of a scalar field, its potential and the nature of the
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dynamics of the early universe were obtained. Based on the results obtained, it can be argued
that the Starobinsky and non-minimal Higgs models are the partial cases of the exponential
power-law inflation from a dynamically motivated point of view.
On the basis of exact solutions of the equations of cosmological dynamics in Einstein frame
an expression for Starobinsky gravity with an additional term corresponding to the cosmological
constant
f(R) = R+
1
6m2
R2 +
2
3
m2, (54)
was obtained. Also, it was shown that the pure exponential expansion of the early universe
associated with quadratic correction in curvature R2.
An analysis of the observational constraints on the values of the parameters of cosmological
perturbations suggests that exponential power-law inflation can satisfy any constraints on the
value of the tensor-to-scalar ratio obtained from the observational data.
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